AND WISHART [5 6 ), but the case where the underlying chain consists of two states is of special interest by virtue of the added simplicity, the potential practical importance and the explicit solvability of the model. A number of areas suggest themselves where such models may be of practical use. Thus, for instance, a computing facility may be retained by a number of clients, each emitting a steady Poisson stream of customers. The appearance and disappearance of such a client is associated with the simultaneous Poissonian increase and decrease of overall arrival rate and service capacity.
Again, some production processes are associated with product diversification that may bring about random intensity changes of input and output. Another approach is to view the model as a discrete analog of certain continuous-time storage processes (e.g., GANI [31 and MILLER[71).
The problem under consideration is a two-dimensional generalization of the typically one-dimensional basic queuing systems. It possesses the following characteristics: A stream of Poisson-type customers arrives at a single service station. The arrival pattern is not homogeneous; rather there exist two arrival intensities at which the system is capable of operating. The time interval during which the system functions at level i (i = 1, 2) is an exponentially distributed random variable possessing the expected value l/Ii. Furthermore, it is assumed that any realization of a time interval associated with uniform arrival rate Xi is independent of previous history. Whatever has been said about arrival characteristics holds for the service pattern as well. Service time is assumed to be exponentially distributed; if the system is at level i, the service intensity possesses the value ,ui, and, as before, statistical independence between any two realizations is assumed. Let it be mentioned in passing that the notion of independence is to be understood in a conditional sense: given that the system is at level i, previous history is of no predictive value.
We have, then, a single-server queuing system that oscillates between two feasible levels denoted by 1 and 2. The persistence of the system at any level is governed by a random mechanism: if the system functions at level i (i.e., the arrival and service rates are Xi and ,ui, respectively) it tends 'to jump' to the alternative level with Poisson intensity hi. We note explicitly that, once they have joined the queue, customers do not wear labels 1 or 2; rather the service rendered to them possesses the instantaneous rate associated with the present level of the system. Hence some basic properties of the queuing process with which this study is concerned (e.g., state probabilities, expected queue size, etc.) do not depend on the specification of the queue discipline.
We sum up and restate the setting of this study in a more formal way: 
The rates 7qj, Xi, and ,ti are nonnegative though at least one of the '-s, one of the X -s, and one of the , -s must be positive. Ordinarily all rates will be assumed finite. Only in Section II, when some extreme cases will be studied, will we allow rq or fl2 or both to tend to infinity.
The set of transition probabilities {Pj(in) (t) } satisfies the backward Kolmogorov differential equations, and, from the theory of recurrent events, it is known that for all ( (mi> 0) (9d)
It is convenient to present the set (9) in diagrammatic form, as in Fig. 1 . The various equations appearing in the set (9) may be considered as a representation of a law relating to the steady-state regime: The average rate at which a point (i.e., a state) is entered equals the average rate at which a transition from the point occurs.
Again from the theory of recurrent events it can be deduced that (for positive rq and fl2) the probabilities { pim,} are either all positive or, alternatively, all equal to zero. Indeed inspection of (9) 
where Pir=Em=O Pim.
(12)
The quantity pi. is the probability of the system being at level i. Let two quantities X. and j2 be defined as X=PlX?l+P2-X2
(13) and
The physical interpretation of these quantities is straightforward: X is the average rate of customer arrivals; ft is the average capacity of the system to render service.
Relation ( 
which is, of course, consistent with set (10). As a solution, we desire to express the state probabilities in their functional dependence on the parameter set { X1, X2,1 AI, /12, n7, 172}.
Apparently there is no simple way of solving (9) in a straightforward recursive manner. The generating-function techniques proposed here go beyond the typical application. They are not just a compact and convenient way of presentation; rather, they appear to be essential for the analysis of the mode] under study. 
I. GENERATING FUNCTIONS AND MODEL CHARACTERISTICS WE DEFINE THE
We recollect that the busy fraction p of the service station is represented by 
The quantity Mi may be considered as the contribution of level i to the mean queue size; it is the product of the probability of the system being at level i and the conditional mean queue size, given that the system is at level i. Hence, the (unconditional) expected queue size Eq, after some development, is found to be 
The set of relations that were derived in this case is closely related to the single-server queue with Poisson input and exponential service (M/M/1).
As pointed out before, this is the only case where such a simple extension of the M/M/1 formulas exist.
It is possible to obtain these relations by a slightly different avenue of approach. Let us assume that steady-state conditions have been attained and, furthermore, that at the present moment a transition from one level to the second level has taken place. Now this transition will carry no influence on the random variable 'number of customers present in the queue,' since the traffic intensity Xil/li (=p) has not changed (what has changed is the average number of transitions per unit time, which is different for the two levels). Hence, the conditional distributions of this random variable are identical for both levels 1 and 2 and the state probabilities are given simply by Pin = Pi Prma (50) a formula equivalent to an appropriate combination of (45) and (47).
A special case of a model discussed by WHITE AND CHRISTIE, [9] by Avi-Itzhak and Naor [1, 2] and by Gaverl4] may also be regarded as a special case of the present model. In particular, it was assumed in these other studies that the service station is incapacitated from time to time and resumes its operation after a random time. In the notation of the present study, this is equivalent to assuming that Xl=X2=X Case C. Here we assume that very rapid oscillations occur between the two levels 1 and 2. More specifically, we let -ql and Il2 tend simultaneously to infinity with the proviso that the ratio flh/7f2 tends to a positive and finite constant C.
We note that the probabilities associated with the levels may be presented as 
In other words, we have again obtained a geometric distribution over the states m with parameter /j2. The physical interpretation of (58) is simply that, in the case of extremely rapid oscillations between levels 1 and 2, the arrival becomes homogeneously Poissonian with weighted intensity A.; an analogous statement holds true for weighted service capacity -.
Case D. Under this heading we shall deal with a situation where transitions between levels are very sluggish; that is, oscillations occur infrequently. In more formal terms, we assume that the transition intensities 7ql and 72 are arbitrarily close to zero, while the ratio 7l/f2 equals a finite, nonzero constant C. We shall have to distinguish between two subcases: DI. Here it is assumed that both arrival rates fall short of their corresponding service capacities, i.e., Xl<,l, X2</t2. Combination of (22) and ( 
This limit equals zero when Xi = ,1i and is positive for the case Xi> xu.
